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Abstract The subjects of this paper are the analytical and partly numerical
calculations concerning the problem how the dielectric response in complex solid
dielectric materials depends on a statistical distribution of relaxation times.

Keywords Electric permittivity - Relaxation time - Fubini Theorem - Lebesgue
measure

1 Introduction

Apart from the simplest case of Debye relaxation, T cannot be interpreted as ﬁ,
where wm,x 1s the measurable loss-peak frequency [1-4]. In complex, solid materials
there exists a continuous or quasi-continuous statistical distribution of relaxation times
across different atoms, clusters, or degrees of freedom [1]. Hence the measurable time
parameter should be regarded as the mean, effective value of T according to its statis-
tical weight distribution [1,2]. Then with the assumption of additive contributions we
can write the following expression for the time domain dielectric response function

[1]:

dd

f) = 7 ey
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where

o) = /h(r) exp (—%) drt. 2)
0

To obtain the normalised, complex electric permittivity, which is one of the most
important quantity characterizing dielectric materials, we should calculate the Fourier
Transform [3,4]:

* T dd
€7 —€x _ —/e_iwt—dl, 3)
€0 — €00 dt
0

where €*(w) = €'(w) — i€’ (w) is the complex electric permittivity (¢’—electric
permittivity, e’ —dielectric 10ss), €g, € are electric permittivities for @ — 0 and
w — 0.

2 Theoretical results

Let i : [0, 00) — [0, 00) be the Lebesgue-measurable function such as:

1. fooo h(t)dt = 1 (the normalizing condition),

2. fooo th(t)dr = ﬁ—mean value of T according to its statistical weight distri-
bution /4, see [1],

3. there exists the function ® (1) = fooo h(t)e*% dt for any ¢ € [0.00) see [1].

Then we have:

@' (1) =4 [n()e T dr = [h(t) (e 7)dr = )
0 0

a\N

Taking into account Egs. 3 and 4 we obtain:

@ —eo [ [ [ h(D)
@) ~ oo =/ /—e_? d | ar.
€ — €xo T

0 0

Let us notice that:

o0 o0
/dt/dt
0 0

e*iwt h(f)

/dz/drwe*?
0
/drM( r)[ ]:000 :/h(t)dt — 1.

0 0
)

Hence, if we recall the Fubini theorem [5] we have:
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[o0]

[ et e tauxn = /—'w’ /h(:) “tar | ar

[0,00]x[0,00] 0
oo oo n
/d / ot () e~ 7 dt. (6)
0

From Egs. 5 and 6 we receive:

*((,z)) ) /d / —lwlh(T) L dt / / la)+
€0 — €00
0 0 0
/drM( -1 1)|:e (“"+ :| / h(@)
T iw+ = 1+zwr
0 T
G T the
0 0

Hence, keeping in mind that €*(w) = e/(a)) — i€ (w) we obtain the following
formulae for the normalized dielectric absorption and dispersion:

oo

e//(a)) Th(T)
= —d . 8
€0 — €00 w/l—i—a)zrz f ®
/ [ h@
€ —exo T
€0 — €00 _/ 1 + w?7? dr. ©

The Eqgs. 8 and 9 give the expressions for dielectric absorption and dispersion from
the point of view of the statistical distribution of relaxation times. Such an approach
is novel and this problem has never been considered this way.

2.1 Imaginary part of electric permittivity

In this section we will calculate imaginary part of the electric permittivity which has
the meaning of the dielectric loss.
We adopt the following assumptions on function 4 : R — [0, 00):

e there exists meromorphic function H : C — C such that » = H [g and £ is
analytic function on R,
e Vx € R h(—x) = —h(x),
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° joh(x) dx = 1.
0

then the function

xh(x)
1+ w?x2

is even and then
o o
/ xh(x) 1 / xh(x)
——dx = - —_—.
1+ w?x? 2 1+ w?x2
0 —00
2.1.1 Rational simple case

Let us consider the function 2 : R — [0, co) given by the following formula

xm
h(x):Cmnl_i_xny
where m,n € Nand m = 1 mod2andn = 0 mod2,0 < m+1 < n and
o0

cmn € (0, 00) is a positive real number such that f h(x)dx = 1.

0
Let R > 0 be any positive real number and let us define contour in the complex
plane Cg C C as follows:

Cr=1{z€C:lzl <RAImz=0}U{Re" €C:1e(0,7)}.

Herelet [ = {z € C: |zl < RAImz=0}Tg = {Re" € C:t e (0,7)} and
observe that

zh(z) dz| = / " z dz
1+w222 7] |) 1+2" 1+ 0222

ei"t)(l + wZRZeiZt)

C'r
A m—+1 it

- /(1 + R" K ¢ Rieit dt| < A- Rm+27an7
0

where A is some fixed positive real whenever R is sufficiently large. Thus we have
immediately

. " Z . A
0 < lim : dz| < lim =0
R—o00 1+z7¢ 1+ w2z2 R—o0 R—m
g
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1091
Asn —m > 0then
00 R
/ xh(x)dx lim / xh(x)dx fim / zh(2) 4 +/ zh(z)
[RE— [ — 1 [ — [ —
1 + w?x? R—00 14+ w?x?2 R 1 + w?z? ‘ 1 + w272 ‘
—00 —R IR I'r
lim / zh(2) _ / zh(z) d
R—00 1 + w272 °= 1 + w?z? ©
CRr C

where C is the contour which arounds the upper complex halfplane.
Now let us consider the set of all roots of the equation z* + 1 = 0 with the positive

imaginary part

n+2k

XTT
{ZkE(CZZkze n

i/\ke{O,..

R
2

I

The rest of the roots has a negative imaginary part (the are in the open down complex
halfplane) and let {z,,, Z } is the set of all roots of the 1 +w?z?> = 0 where Imz,, > 0.

Let r be any positive real number such that r < min{|z; — 2|

ci# jAILjE

{0, ..., 5 — 1}} then let define circles Cy for k € {0, v 5= 1} as follows:

Vke{O,...,%—l} Cr={zeC:3el0,2n) =2 +re}.

Analogously let us define

Cy={z€C:3rel0,

where s = 2w

Then by residuum theorem we have

]O xh(x) B /

— dx =
1 + w2x2
—00 C

1]

zh(z)
1+ w?z?

+

2m) 7= Zy —l—se”},

1 dz

2 Zm
- Z“/ 1+ w22 ]]

k=0¢,

k(@ —2i) 2 — 2k

dz

Zm+1
+ —
/ Z—zZw)A+2") 72— zy
C,

1
i

Zm—H
+ 2mi v

27i Z
k=0 (

1+ ?z}) [z Gk — i)

(zw — Zw) (1 +2)

@ Springer



1092 J Math Chem (2009) 46:1087-1102

2.1.2 Rational case
Let us consider the function i : R — [0, co) given by the following formula

x2s—1 HZIZI(xQ + (l,%)
HZ:1(X2 + b;%)

h(x) =B

where

1. m,n,s eNand0 < 2m +2s +1 < 2n,

2. {ax € R: k € {1,..., m}} is the subset of the real line,
3. {by e R: k € {1,...,n}} is the subset of the real line with pairwise different
elements,

4. B € (0, 00) is a positive real number such that fooo h(x)dx = 1.

Let R > 0 be any positive real number and let us define contour in the complex
plane Cg C C as follows:

Cr={zeC:|zl <RAImz=0}U{Re" € C:1 e (0,m))}.
Herelet [ = {z € C: |zl < RAImz=0}Tg ={Re!’ € C:t € (0,7)} and

observe that

dz

zh(z)
1 4 w?z?

= / & S dz
) T+ 1+ 0?2

Cr
T .
Rm—Helt
- / 1+ R”ei”’)(l 4 w2R26i2t)
0

Rie'"dt| < A. R 2,

where A is some fixed positive real whenever R is sufficiently large. Thus we have
immediately

. " Z ) A
0 < lim . dz| < lim =0
R—o0 142" 14 w?z? R—o0 RP—M

C'r
because n — m > 0.
Then we have
T xh(yd [ xh(0)d he) he)
xh(x)dx xh(x)dx zh(z zh(z
—— =1 —— =1 ——d ——d
/1+w2x2 Rgréo/ 1 + w?x? R /1+w2z2 Z+/1+a)2z2 ¢
00 —R IR 'r
, zh(2) / zh(z)
=1 ———dz = ——dz,
R£I<1>o 1 + w?z2 . 1 + w272 .
Cr
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where C is the contour which arounds the upper complex halfplane.

Now let us consider the set of all roots for equations z> + b? = 0 where
Jj €{1,..., n} with the positive imaginary part
{zjeC:z;=ilbj|Ale{l,...,n}

The rest of the roots has a negative imaginary part of course and let observe that

are the roots of the 1 + w?z%2 = 0 and let z,, = é
Let r be any positive real number such that r < min{lz; — z;| : i # j A i,
Jj €10, ..., % — 1}} then let us define circles Cy for k € {0, a5 — 1} as follows:

Vke{O,...,g—l} Ci=1{zeC: 3tel0,27) 2=z +re'}.

Analogously let us define

Co=1{zeC: 3rel0,2n) z=2z4p+se'},

where s = Im%

Let b (z) = Lh(z), then by residuum theorem we have

/Oo xhi(x) d =/ 2hi(2) d 2 [lin &+ a)) 1

o = dz = d
T+ o2 T+ w2 [T @2 +0b)) 1+ @?2? ¢
c

—00

C
_ i / 2P +ah) 1 l ds
j=1g, HZ:IAj;&k(ZZ + b,%) 1+ 7-72— 2
J
zh d
+/_1(Z_)_ z
= 2wl 2w
Cy
n Z?S Hkm=1(23 + a/%) 1 1 izwhl(Zw)

=2mi — + 27
j; HZ:[/\j;r’:k(Z§ + b]%) 1+ (1)2Z? Zj—Zj Zw — 2w
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And finally we have

]

h ! P ILmi@=b) 11
/ X 1(§)2dx=n2(—1)s [Ti=i(ai k -
1 + w?x ITi- 1/\Hék(bk b)l—a)bjb

e j=1
1 Hk 1( k wz)
@ [Tz (bf — 2
L I 1(ak_b2') bzs_l 1T (@i — )
ZHk l/\j;ék(b2 b2)1 —w? +“)S [Ti= (b — z) .

+7(—1)"—

= (-’n

If we assume that m,n,s € Nand 0 < 2m + 2s + 3 < 2n then the expectation
value E[X] = fooo xh(x) exists. Using the above technique we have

n Hm (a2_b2')

. _ k=1
E[X]=A(=1) > p2~ O
j=1 Hk:lAk;ﬁj(bk - bj)

2.1.3 Non-rational case

Let us consider function %, f : C — C given by the following formula

F) = h@2 and g(2) = A- f(2)
[Tjoi (@ +ap)? + 8D ’

where n € Nand A € (0, 00) is a positive real number such that fooo h(x)dx = 1and
let assume that A + deg(h) +2 < 2n.

Let0 < r < R be any positive real number and let us define contour in the complex
plane Cg C C as follows:

Cr=I1LUTRUI_UT,,

where

e [, ={teC: te(r,R)},

e Mg ={Re" € C: 1t €(0,2n)},

o/ ={R—teC:tre(0,R—/r)},
o I, ={reéf®™=D e C: t €(0,2m)).

Here let m = deg(h) and 6 = 2n — 2 — m — A > 0 then

At+m M

|2+8 ’

Z

ARy >03IM >0 Yz eC Ry <lz| = |f(D)| =M |—;
4

| z
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Hence we are getting

2 2
/Zf(z)dz = /Re”f(Re”)iRe”dt 5/|f(Re”)|R2dt
I'r 0 0
i M 27 M
2 _ T
S/R2+5R dt = R
0

Here we are getting immediately

lim /zf(z) dz =0.
R— 0
Cr

Moreover, doing analogously we have

Jim /f(z)dz—OA lim /11(52)2 =0

Now let R € {Ro, z - Ro, - Ro} where

+22

h(z)
[Tjoi(@+ a2+ 8D

Ro(2) =

Let us observe that we have

o0

11m / )\R(z)dz—/ X*R(x)dx + hm / Z*R(2) dz

r~>

+(— 1)/ 2’”)‘R(t)dt+hm( 1)/z R(z)dz

o0
=/x)‘R(x)dx —ezni)‘/x}‘R(x)dx
0 0

=1 —e2”“)/x'\R(x)dx.
0

Let us observe that
1 i 1+cos2mA

(1 _ eZm‘)L)fl — _ _
2 2 sin2wA
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then we obtain

o0
1 i 1+4+cos2mA
A A
R dx=(-+—-——"—--—7-— R(z)d
/x (x) dx (2+2 sin 27 A )/Z (@) dz,
0 c

where

/z R(z)dz = hm /z R(z) dz.

C r~>0 Cr

LetZ ={z € C: ziszeroof [Tj_((z+e))*+BD} Zy = {z € C: z:h(z) =0}
andlet Z, = {z € C: 1+ w?z> = 0} then by our assumption these sets are pairwise
disjointi.e. ZNZy, =W ZNZ, =Pand Z,NZ, =0.LetZy ={z€ Z: Imz > 0}
and Z_ ={ze€C: Imz <O0}then Z =Z, UZ_ of course and let us enumerate of
them as follows

Zi={gf = -+ BieC: ke{l,...,n},

Z_ =z =—a—pieC: kefl,...,n}}

and Z, = {z},z,} = {é, —é} of course and let us observe that there exists the set
of the positive real number r > 0 (radius of the circle) such that the family

{CF.Cy: kell,....,n}U{Ct, C.}
is pairwise disjoint where for any k € {1, ..., n}
={zgf +ré" eC: te0,2m)}, Cp ={z +re' eC: tel0,2n)},
and Cl = {zf +ref" eC: t€[0,2n)},C, =1z, +re’ e C: te[0,2n))}.

case I) R(z) = Ro(2)

By residuum Theorem we have

/ PR(:) dz

C

n

/ 2h(z) 1 dz
MG+ + D 2= (o —Bid) 7 — (—ou + Bid)

cr Jj#k

k=1
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+/ *h(z) _ 1 _ dz
- H?:l((Z‘l'Olj)z‘i‘ﬁjz) z— (—ag + Bri)  z— (—ag — Pri)
Cy J#k
(—ok + Bri)*h(—oy + i)
=2 _
Z - #; ﬂk)Z,Bl

J#k
~- (= — Bri) h(—oy — Bri) 1
+2 -
™ ; Mo (B2 —pD)  —2f
ik
. (—ak + Bri)*h(—o + Bri) — (—ok — Bri) h(—oy — ﬂkl)
,Bk H] 1(,32 ,31()

k=1
J#k

case 2) R(z) = zRo(2)

We can calculate as in the previous case, then we have:

/zAR(z)dz
C
o~ (ot B (=g + i) — (—an — Bi) T h(—au — Bri)
=7 Z " a2 a2
k=1 ﬂkHj;](,Bj - ,Bk)
J#k

Case 3) R(z) = 02,

Similarly we have

1
/ZR(Z)dZ_”ZﬁH (B =D
j=

¢ %k
((—Ofk + Bri) T h(—a + Bri)
(1 + (= + Bri))?
(o = Be)  h(—ay — ﬂki))
(1 + ?(—ax — xi))?

S (0 0)-C) ()
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Probability density As above the positive g(x) = A- f(x) = A #{% should

o
be probabilistic distribution then f g(x)dx = 1 and then
0

1 = d :A/ al d
O/g(x) X H?:l((x+05]2-)+/3,2-) X
A
2

I—I—COSZJT)L i
“Ro(z)dz
( Ty )/z 0(z)dz
c

(case 1) A 1 +C0827T)n
sin Zn)»

—a + iB) h(—oy + i
X”Zﬂkn, 1(ﬂ2 D (= + i) h(—ax + i)

J#k

— (o — i) h(—ay — iBr)),

which allows us to compute the constant A.
Expectation value Now we are ready to find expectation value for our non-rational
distribution function g(x)

00 00 )‘h(x)
EIX) =[x gdr=a [ a2t d
/ x-gx)dx J xHj:1((x+O‘./)2+'8]2') X

A (1 L 1 +cosZnA)/ *h(z)
= — l ;
2 sin 27 A J [Tjoi(@+2)* + /3]2)

n

1 2w 1
e () &1
sin 27 ,Bkl_[jzl(ﬂj - )

k=1
J#k

x (e + 1B (o + i) = (—a = iB* h (s = iBY)).

Dielectric response Here we can write down the formula for dielectric response using
our non-rational distribution function. Finally we have

*
Im—e €o0
€0 — €00
o0 o0
gx)-x x*HL h(x)
=-o [ T o5 dr=—Aw 22 I PR
/ 14+ wx ) L+ o’x® [T ((x +a)) + B7)
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Aw (1+ .1+cos2nk)/ (2
= —— 1 "
2 sin 27 A ] (1 + w?7?) H;=1 ((z+ 2%+ /3]2)

3 TwA 14+ cos2mA " 1
(case3) _ (1 i ) S BB
k=1

2 sin 27 A — []i_;
J#k
|:(—05k + B h(—ax +iBr) (o — iB) M h(—ay — iﬁk)}
1+ w?(—ax + iBr)? 1+ w?(ox + iBr)?

T
+ —
w

i\! 1 i . i
) Fmeml GG
w szl(ﬂj—ﬁ) w w

where (—1)*T! = cos(r 4+ 1) + i sin(x + 1)z of course.

3 Numerical results

The numerical calculations were performed with Mathematica package. Here we pres-
ent some results of the calculations of the normalized dielectric absorption (see Figs. 1
and 2) for two exemplifying functions /(7) (see Figs. 3 and 4):

he) = —27__ (10)
UETT (at)?
and
h(t) = Ae—T. (11

These functions were chosen a priori to illustrate our model although we think that they
may describe a real distribution of relaxation times in certain materials. We have come
across neither theoretical nor experimental data concerning the continuous weight dis-
tribution of relaxation times in real materials. The constants A and « appearing in Eqgs.
10 and 11 can be easily obtained from conditions (1) and (2).

The frequency dependence of normalized dielectric absorption we show for bet-
ter clarity in log—log scale. The curve in Fig. 1 reveals the symmetry in relation to
the absorption peak, while the second one in Fig. 2 seems to be asymmetrical. If we
analyze this dependence in respect of the power-laws [1,4,6-8] we are easily able to
make out the linearity for frequencies sufficiently distant from the loss-peak frequency
®max 1n both considered cases ( Figs. 1 and 2), although we have the broader range
of non-linearity as far as the second absorption curve is concerned.
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-2 -1 1 2 Wrmax

Fig. 2 Results of numerical calculations of normalized dielectric absorption for (11)

4 Conclusions

e We managed to obtain the formulae for the normalized dielectric absorption and
dispersion, which are dependent on the distribution of relaxation times.

e We think that a specific type of dielectric response results from a specific class of
h(t) functions. Such a correspondence is rather difficult to find from the mathe-
matical point of view. It will be the subject of further research.
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h(z)

1x10%

8x 107

6x 107

4x 107 |

2% 107

. h 7(s)

1x 1078 2% 1078 3% 1078 4% 1078 5% 1078

Fig. 3 The exemplifying function of relaxation times distribution (10) for wmax = 108 s™1 vs. 7(s)

h()
7x 107 F
6x 107 |
5x107
4% 107
3x10°
2x 107 |

1x 107

: ; : 7(s)
1x 1078 2x10-8 3x 1078 4% 1078 5% 1078

Fig. 4 The exemplifying function of relaxation times distribution (11) for wmax = 108571 vs. T(s)
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